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Abstract. In the present paper, the Tsallis statistics in the grand canonical ensemble was reconsidered in a
general form. The thermodynamic properties of the nonrelativistic ideal gas of hadrons in the grand canon-
ical ensemble was studied numerically and analytically in a finite volume and the thermodynamic limit.
It was proved that the Tsallis statistics in the grand canonical ensemble satisfies the requirements of the
equilibrium thermodynamics in the thermodynamic limit if the thermodynamic potential is a homogeneous
function of the first order with respect to the extensive variables of state of the system and the entropic
variable z = 1/(q − 1) is an extensive variable of state. The equivalence of canonical, microcanonical and
grand canonical ensembles for the nonrelativistic ideal gas of hadrons was demonstrated.
PACS. 21.65. -f Nuclear matter – 21.65. Mn Equations of state of nuclear matter – 05. Statistical physics,
thermodynamics, and nonlinear dynamical systems
1 Introduction
The Tsallis power-law distribution describes very well the
experimental data in both high-energy physics [1,2,3] and
astrophysics [4,5]. In particular, the Tsallis-like distribu-
tions are successfully used to describe the transverse mo-
mentum spectra of the particles produced in the proton-
proton and nucleus-nucleus collisions at the LHC and RHIC
energies [6,7,8,9,10,11,12,13]. However, until now the the-
oretical foundation of the Tsallis statistics [14,15] is far
from a definitive solution. The Tsallis generalized statisti-
cal mechanics, by definition, is in the thermal equilibrium.
Thus, the proof of the thermodynamic self-consistency of
the Tsallis statistics remains a primordial task, although
some progress has been made. In this direction, there exist
some approaches [16,17,18,19,20,21].
The main aim of this paper is to prove analytically
and numerically the thermodynamic self-consistency of
the Tsallis statistics in the grand canonical ensemble in
the approach when the entropic variable z = 1/(q − 1) is
considered to be an extensive variable of state and to apply
this approach of the Tsallis statistics to the hadron ideal
gas. We investigate the grand canonical ensemble because
in the high energy collisions the number of particles are
not exactly conserved and, therefore, the thermodynamic
quantities and the transverse momentum distributions of
hadrons in high-energy processes are usually described by
this statistical ensemble.
The statistical mechanics defined in a thermal equilib-
rium is thermodynamically self-consistent, i.e., it agrees
with the requirements of the equilibrium thermodynamics,
if the thermodynamic potential of the statistical ensemble
is a homogeneous function of the first order with respect
to the extensive variables of state of the system in the
thermodynamic limit [22,23,20,21]. The thermodynamic
self-consistence of the Tsallis statistics in the canonical
and microcanonical ensembles was proved in [20,21]. It
was shown that the homogeneous property of the thermo-
dynamic potential provides the zeroth law of thermody-
namics, the principle of additivity, the Euler theorem and
the Gibbs-Duhem relation if the entropic variable z is an
extensive variable of state. Note that the scaling property
of variable z in the Tsallis statistics and its relation to the
thermodynamic limit was firstly discussed in [24,25].
At present, the concept of the relativistic hadron ideal
gas is extensively applied in many approaches of high-
energy physics. It is used to study the hadron production
mechanism and the QCD phase transition in the heavy-ion
collisions at high energies [26,27,28,29]. However, in the
present paper we study the thermodynamic properties of
the hadron gas in the Tsallis statistics in the simple case
of the hadron gas in the nonrelativistic limit.
The structure of the paper is as follows. In Section 2,
we formulate the Tsallis statistics in the grand canoni-
cal ensemble. In Sections 3 and 4, we consider the non-
relativistic ideal gas in a finite volume and the themo-
dynamic limt, respectively. The ensemble equivalence is
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demonstrated in Section 5. The numerical calculations for
the hadron ideal gas are given in Section 6, and the main
conclusions are summarized in the final section.
2 Tsallis statistics in the grand canonical
ensemble
Let us consider the grand canonical ensemble of the dy-
namical systems at the constant temperature T , the vol-
ume V , the chemical potential µ and the thermodynamic
coordinate z in a thermal contact with a heat bath. The
system exchanges with its surroundings the energy and
matter. The entropy of the Tsallis statistics in the grand
canonical ensemble is [14,15]
S =
∑
i
δV,VipiSi, (1)
Si = kBz(1− p
1/z
i ), (2)
where pi is the probability of the i-th microstate of the
system, kB is the Boltzmann constant, z = 1/(q − 1) and
q ∈ R is a real parameter taking values 0 < q < ∞. In
the limit |z| → ∞ or q → 1, the entropy (1) recovers the
Boltzmann-Gibbs entropy, S = −kB
∑
i pi ln pi. Note that
throughout the paper we use the system of natural units
h¯ = c = kB = 1.
The thermodynamic potential of the grand canonical
ensemble is related to the fundamental thermodynamic
potential (energy) by the Legendre transform [30] and can
be written as
Ω = 〈H〉 − TS − µ〈N〉 =
∑
i
δV,VipiΩi, (3)
Ωi = Ei − µNi − Tz(1− p
1/z
i ), (4)
where Ei and Ni are the energy and number of particles,
respectively, in the i-th microscopic state of the system.
The probabilities of microstates in the grand canonical
ensemble are constrained by an additional function
ϕ =
∑
i
δV,Vipi − 1 = 0. (5)
The unknown probabilities {pi} are obtained from the
constrained local extrema of the thermodynamic potential
(3) by the method of the Lagrange multipliers [31]
Φ = Ω − λϕ, (6)
∂Φ
∂pi
= 0, (7)
where λ is an arbitrary real constant. Substituting Eqs. (3)
and (5) into Eqs. (6), (7) we obtain
Ωi + pi
∂Ωi
∂pi
− λ = 0. (8)
Substituting Eq. (4) into (8) and using Eq. (5), we ob-
tain the normalized probabilities of the grand canonical
ensemble as
pi =
[
1 +
1
z + 1
Λ− Ei + µNi
T
]z
, (9)
1 =
∑
i
δV,Vi
[
1 +
1
z + 1
Λ− Ei + µNi
T
]z
, (10)
where Λ ≡ λ − T and ∂Ei/∂pi = 0. In the limit |z| →
∞, the probability pi = exp[(Λ − Ei + µNi)/T ] and Λ =
−T lnZ, where Z =
∑
i exp[−(Ei − µNi)/T ].
Substituting the probabilities (9) into Eqs. (3), (4) and
using Eq. (10) we obtain the thermodynamic potential of
the grand canonical ensemble as
Ω = Λ+ T
[
1−
∑
i
δV,Vip
1+
1
z
i
]
. (11)
Taking the first derivative of the function Ω with respect
to temperature T and using Eqs. (9), (10), and the rela-
tions ∂Ei/∂T = 0, ∂Ni/∂T = 0 we obtain the entropy
(1)–(2) of the system as
S = −
∂Ω
∂T
=
∑
i
δV,VipiSi. (12)
Applying the Legendre back-transformation to the func-
tion Ω and using Eqs. (9)–(12) and (2), we obtain the
mean energy of the system as
〈H〉 = Ω − T
∂Ω
∂T
+ µ〈N〉 =
∑
i
δV,VipiEi. (13)
Taking the first derivative of the function Ω with respect
to the chemical potential µ and using Eqs. (9), (10), and
the relations ∂Ei/∂µ = 0, ∂Ni/∂µ = 0 we obtain the
mean number of particles of the system as
〈N〉 = −
∂Ω
∂µ
=
∑
i
δV,VipiNi. (14)
The first derivative of the function Ω with respect to
the volume V gives the pressure
p = −
∂Ω
∂V
= −
∑
i
δV,Vipi
(
∂Ei
∂V
− µ
∂Ni
∂V
)
+ T
∑
i
∂δV,Vi
∂V
p
1+
1
z
i . (15)
Note that in many applications the last term in Eq. (15)
is zero. Taking the first derivative of the function Ω with
respect to the variable z and using Eqs. (9), (10) and the
relations ∂Ei/∂z = 0, ∂Ni/∂z = 0 we obtain the conju-
gate force to the variable z as
X = −
∂Ω
∂z
= T
∑
i
δV,Vipi
[
1− p
1/z
i (1− ln p
1/z
i )
]
. (16)
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In comparison with the Boltzmann-Gibbs statistics, the
Tsallis statistics contains a nonvanishing additional con-
jugate force X defined by Eq. (16) [20,21].
Equations (11)–(16) and the Legendre transform (3)
satisfy the differential thermodynamic relation
dΩ = −SdT − pdV −Xdz − 〈N〉dµ (17)
and the fundamental equation of thermodynamics [32,19]
TdS = d〈H〉+ pdV +Xdz − µd〈N〉. (18)
The fundamental equation of thermodynamics (18) pro-
vides the first and second principles of thermodynamics
δQ = TdS, δQ = d〈H〉+ pdV +Xdz − µd〈N〉, (19)
where δQ is a heat transfer by the system to the environ-
ment during a quasistatic transition of the system from
one equilibrium state to a nearby one. Then the heat ca-
pacity can be defined from the general rule, δQ = CdT ,
and the first and second laws of thermodynamics (19).
In the grand canonical ensemble the heat capacity at the
fixed values of (T, V, z, µ) can be written as
CV zµ =
δQ
dT
= T
∂S
∂T
=
∂〈H〉
∂T
− µ
∂〈N〉
∂T
= −T
∂2Ω
∂T 2
. (20)
In the grand canonical ensemble the statistical formal-
ism is thermodynamically self-consistent if the thermo-
dynamic potential Ω is a homogeneous function of the
first degree with respect to the extensive variables of state
(V, z), i.e., if
Ω(T, V, z, µ) = V ω(T, zv, µ), (21)
where zv = z/V . In this case from Eqs. (15), (16), (21)
and (3) we obtain the relation between the pressure and
the thermodynamic potential and the Euler theorem as
ω = −p−Xzv, T s = ε+ p+Xzv − µρ, (22)
where ω = Ω/V , s = S/V , ε = 〈H〉/V and ρ = 〈N〉/V .
Relations (21) and (22) can be satisfied in the thermody-
namic limit, i.e. when V →∞, |z| → ∞ and zv = z/V =
const. Next, to verify this we shall study a special case of
this theory, the nonrelativistic ideal gas of hadrons in the
grand canonical ensemble, in more detail.
3 Nonrelativistic hadron gas: Grand canonical
ensemble
Let us consider the nonrelativistic ideal gas of the Maxwell-
Boltzmann particles in the framework of the Tsallis statis-
tics in the grand canonical ensemble (T, V, z, µ). In this
paper, we investigate the ideal gas only for the values of
z < −1. To obtain the exact results, we use the integral
representation of the Gamma-function [33]
x−y =
1
Γ (y)
∞∫
0
ty−1e−txdt, Re(x) > 0, Re(y) > 0. (23)
Substituting Eq. (23) into (10) and using the partition
function of the Maxwell-Boltzmann nonrelativistic ideal
gas in the Boltzmann-Gibbs statistics
Z = exp
[
gV
(
mT
2pi
)3/2
eµ/T
]
, (24)
we obtain
1 =
N0∑
N=0
ω˜N
N !
h(0)
[
1 +
1
z + 1
Λ+ µN
T
]z+ 3
2
N
, (25)
h(ξ) =
(−z − 1)
3
2
NΓ (−z − ξ − 3
2
N)
Γ (−z − ξ)
, (26)
where ω˜ = gV (mT/2pi)3/2, g is the spin-isospin degener-
acy factor and m is the particle mass. The upper limit
N0 in the sum (25) is determined from the conditions
−z − 3N/2 > 0, 1 + (Λ + µN)/((z + 1)T ) > 0 or/and
the minimum of the function
φ(N) =
ω˜N
N !
h(0)
[
1 +
1
z + 1
Λ+ µN
T
]z+ 3
2
N
. (27)
The solution of Eq. (25) is the norm function Λ as a func-
tion of the variables of state.
Combining Eqs. (9) and (23) we see that the thermo-
dynamic potential (11) for the nonrelativistic ideal gas in
the grand canonical ensemble becomes
Ω = Λ+ T
− T
N0∑
N=0
ω˜N
N !
h(1)
[
1 +
1
z + 1
Λ+ µN
T
]z+1+ 3
2
N
. (28)
Substituting Eq. (28) into the differential equation (14)
and using Eqs. (25), (26) we have
〈N〉 =
N0∑
N=0
N
ω˜N
N !
h(0)
[
1 +
1
z + 1
Λ+ µN
T
]z+ 3
2
N
. (29)
Substituting Eq. (28) into the differential equation (13)
and using Eqs. (25), (26) and (29) we obtain the average
energy of the system in the grand canonical ensemble as
〈H〉 =
3
2
T
N0∑
N=0
N
ω˜N
N !
h(1)
[
1 +
1
z + 1
Λ+ µN
T
]z+1+ 3
2
N
.
(30)
Making use of Eqs. (15), (25), (26) and (28) we can write
the pressure of the nonrelativistic ideal gas in the grand
canonical ensemble as
p =
T
V
N0∑
N=0
N
ω˜N
N !
h(1)
[
1 +
1
z + 1
Λ + µN
T
]z+1+ 3
2
N
.
(31)
Comparing Eqs. (30) and (31) we obtain the equation of
state for the nonrelativistic ideal gas in the grand canon-
ical ensemble
p =
2
3
〈H〉
V
. (32)
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Substituting Eq. (28) into the differential equation (12)
and using Eqs. (30) we can write the entropy of the system
in the grand canonical ensemble as
S = −
1
T
(Ω − 〈H〉+ µ〈N〉). (33)
This equation coincides with the Legendre transform (3).
Making use of Eqs. (16) and (28) we can write the conju-
gate force to the variable z in the form
X
T
= 1+
N0∑
N=0
ω˜N
N !
h(1)ζ
[
1 +
1
z + 1
Λ+ µN
T
]z+1+ 3
2
N
,
(34)
where
ζ = −1 + ln
[
1 +
1
z + 1
Λ+ µN
T
]
− ψ(−z − 1−
3
2
N) + ψ (−z − 1) . (35)
The mean occupation numbers for the Maxwell-Boltzmann
nonrelativistic ideal gas in the grand canonical ensemble
in the framework of the Tsallis statistics can be defined as
〈npσ〉 =
∑
{npσ}
npσ
1∏
pσ
npσ!
×
[
1 +
1
z + 1
Λ−
∑
pσ npσ(εp − µ)
T
]z
, (36)
where εp = p
2/2m. Substituting Eq. (23) into (36) and
using the partition function (24) and the mean occupation
numbers of the Maxwell-Boltzmann nonrelativistic ideal
gas in the Boltzmann-Gibbs statistics
〈npσ〉 = e
−
εp−µ
T , (37)
we obtain
〈npσ〉 =
N0∑
N=0
ω˜N
N !
h(0)
×
[
1 +
1
z + 1
Λ+ µN − (εp − µ)
T
]z+ 3
2
N
, (38)
where Λ is calculated from Eqs. (25) and (26).
4 Nonrelativistic hadron gas in the
thermodynamic limit: Grand canonical
ensemble
Let us rewrite the thermodynamic quantities of the non-
relativistic ideal gas given above in the thermodynamic
limit
V →∞, |z| → ∞, zv =
z
V
= const. (39)
As we expected, the sum (25) in the thermodynamic limit
(39) can be approximated by its maximal term, which
gives the main contribution in (25). Thus, from the maxi-
mum of the function φ(N) (27) and Eq. (25) we have two
equations, lnφ(N) = 0 and ∂ lnφ(N)/∂N = 0, which can
be rewritten as
5
2
+ ln
ω′
ρ
+
(
zv
ρ
+
3
2
)
ln
Teff
T
= 0, (40)
ln
ω′
ρ
+
3
2
ln
Teff
T
+
µ
Teff
= 0 (41)
and
Teff ≡ T
1 + 1zv
Λv+µρ
T
1 + 3
2
ρ
zv
, (42)
where ω′ ≡ ω˜/V = g(mT/2pi)3/2 and Λv = Λ/V . Here
〈N〉 = N corresponds to the maximal term in the sum
(25). From Eq. (40) we obtain the norm function Λ as
Λv = −µρ− zvT
[
1−
(
1 +
3
2
ρ
zv
)
Teff
T
]
, (43)
Teff = T
(
Z˜Ge
3/2
)− 1zv
ρ
+3
2 , (44)
where Z˜G = ω
′e/ρ = (ge/ρ)(mT/2pi)3/2 [21]. Substituting
Eq. (40) into Eq. (41) and using Eq. (42) we obtain the
equation for the hadron density ρ as
µ =
[
5
2
+
zv
ρ
ln
Teff
T
]
Teff . (45)
Its solution is the variable ρ as a function of the variables
of state (T, zv, µ). Taking Eq. (28) in the thermodynamic
limit (39) and considering Eq. (40) the density of the ther-
modynamic potential can be written as
ω = Λv = −µρ− zvT
[
1−
(
1 +
3
2
ρ
zv
)
Teff
T
]
. (46)
Considering Eqs. (13), (45) and (46) we can write the
energy density in the thermodynamic limit as
ε = −T 2
∂
∂T
(ω
T
)
+ µρ =
3
2
ρTeff . (47)
Using Eqs. (16), (45) and (46) we obtain the conjugate
force to the variable z in the thermodynamic limit
X = −
∂ω
∂zv
= T
{
1−
Teff
T
[
1− ln
Teff
T
]}
. (48)
Substituting Eqs. (21), (46) into differential equation (15)
we can write the pressure in the thermodynamic limit as
p = −ω + zv
∂ω
∂zv
=
2
3
ε = ρTeff . (49)
Making use of Eqs. (33), (46) and (47) we can write the
entropy density in the thermodynamic limit as
s = −
ω − ε+ µρ
T
= zv
[
1−
Teff
T
]
. (50)
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Using equation lnφ(N) = 0 we obtain the mean occupa-
tion numbers (38) in the thermodynamic limit (39) as
〈npσ〉 = e
−
εp−µ
Teff . (51)
Then, the one-particle distribution function can be defined
as
f(p) =
1
(2pi)3ρ
∑
σ
〈npσ〉 =
g
(2pi)3ρ
e
−
εp−µ
Teff , (52)
where ∫
d3pf(p) = 1. (53)
Let us verify that the nonrelativistic ideal gas in the
grand canonical ensemble satisfies the principle of addi-
tivity and the zeroth law of thermodynamics in the ther-
modynamic limit. Suppose that the system is divided into
two subsystems (1 and 2). Then, the extensive variables
of state of the grand canonical ensemble are additive
V = V 1 + V 2, z = z1 + z2 (54)
and the intensive variables of state of the grand canonical
ensemble are the same in each subsystem
T = T 1 = T 2, zv = z
1
v = z
2
v , µ = µ
1 = µ2. (55)
For the homogeneous functions of the first order, F =
(Λ,Ω, 〈H〉, 〈N〉, S), and their densities, ϕ = (Λv, ω, ε, ρ, s),
we have the relation
F(T, V, z, µ) = V ϕ(T, zv, µ) (56)
and the Euler theorem
V
∂F
∂V
+ z
∂F
∂z
= F . (57)
Using Eqs. (43), (44), (46), (47), (50) and Eqs. (54), (55)
we can verify that the homogeneous functions of the first
order F are extensive and their densities ϕ, which are the
homogeneous functions of the zero order, are intensive
F = F1 + F2, ϕ = ϕ1 = ϕ2. (58)
For the homogeneous functions of the zero order, φ =
(p,X), we have the relation
φ(T, V, z, µ) = φ(T, zv, µ) (59)
and the Euler theorem
V
∂φ
∂V
+ z
∂φ
∂z
= 0. (60)
Using Eqs. (45), (48), (49) and Eqs. (54), (55) we obtain
that the homogeneous functions of the zero order φ are
intensive
φ = φ1 = φ2. (61)
These relations prove the zero law of thermodynamics for
the Tsallis statistics in the grand canonical ensemble.
5 Ensemble equivalence
5.1 Equivalence of canonical and grand canonical
ensembles
Let us demonstrate that the thermodynamic quantities
of the canonical ensemble in the thermodynamic limit
can be obtained from the quantities of the grand canon-
ical ensemble by the transformation of the variables of
state (T, zv, µ) with the variables of state of the canon-
ical ensemble (T, v, z˜), where z˜ ≡ z/〈N〉 = zv/ρ and
v ≡ V/〈N〉 = 1/ρ. Expressing Eqs. (44), (45) in terms
of the variable z˜, we obtain the chemical potential of
the canonical ensemble in the thermodynamic limit (see
Eq. (38) in [21])
µ =
[
5
2
+ z˜ ln
Teff
T
]
Teff , (62)
Teff = T
(
Z˜Ge
3/2
)− 1
z˜+3
2 . (63)
The energy density (47) of the grand canonical ensem-
ble can be transformed to the energy per particle of the
canonical ensemble, ε˜ ≡ 〈H〉/〈N〉, by using the variable z˜
(see Eq. (32) in [21])
ε˜ =
ε
ρ
=
3
2
Teff . (64)
The thermodynamic potential of the canonical ensemble,
the free energy, can be obtained from the thermodynamic
potential of the grand canonical ensemble by the Legen-
dre transform, i.e. F = Ω + µ〈N〉. Then, from Eq. (46)
we have the thermodynamic potential per particle of the
canonical ensemble, f˜ ≡ F/〈N〉, which can be written as
(see Eqs. (30) and (33) in [21])
f˜ =
ω
ρ
+ µ = −z˜T
[
1−
(
1 +
3
2z˜
)
Teff
T
]
. (65)
Rewriting the variable X of the grand canonical en-
semble (48) in terms of z˜, we obtain the variable X of the
canonical ensemble (see Eq. (37) in [21])
X = T
{
1−
Teff
T
[
1− ln
Teff
T
]}
. (66)
The pressure of the grand canonical ensemble (49) can be
rewritten as
p =
2
3
ε˜
v
=
Teff
v
. (67)
This equation for the pressure of the canonical ensemble
exactly coincides with Eq. (36) in [21]. Expressing Eq. (50)
in terms of the variable z˜ we obtain the entropy per parti-
cle of the canonical ensemble, s˜ ≡ S/〈N〉, in the form (see
Eq. (34) in [21])
s˜ =
s
ρ
= z˜
[
1−
Teff
T
]
. (68)
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Changing the variables of state in Eqs. (51)–(52) and
using Eq. (62) we obtain the mean occupation numbers
and the distribution function f(p) for the canonical en-
semble
〈npσ〉 =
1
gv
(
mTeff
2pi
)−3/2
e
− p
2
2mTeff (69)
and
f(p) =
(
1
2pimeffT
)3/2
e
− p
2
2meffT , (70)
where
Teff
T
=
meff
m
=
(
Z˜Ge
3/2
)− 1
z˜+3
2 . (71)
Equations (70) and (71) exactly coincide with Eqs. (43)
and (44), respectively, given in [21].
Thus, we have proved that the canonical and grand
canonical ensembles of the Tsallis statistics are equivalent
in the thermodynamic limit.
5.2 Equivalence of microcanonical and grand canonical
ensembles
Let us demonstrate that the thermodynamic quantities of
the microcanonical ensemble in the thermodynamic limit
can be obtained from the quantities of the grand canonical
ensemble by the transformation of the variables of state
(T, zv, µ) with the variables of state of the microcanonical
ensemble (ε˜, v, z˜), where ε˜ ≡ 〈H〉/〈N〉 = ε/ρ. Using the
definition of Z˜G given in Sec. 4 and Eqs. (47), (44), we
can write (see Eq. (48) in [20])
w =
(
Z˜Ge
3/2
) z˜
z˜+3
2 = gv
(
mε˜e5/3
3pi
)3/2
. (72)
Using again Eqs. (47) and (44) we obtain
T =
2
3
ε˜w1/z˜ , (73)
Teff =
2
3
ε˜. (74)
Compare Eq. (73) with Eq. (51) given in Ref. [20]. Sub-
stituting Eqs. (73), (74) into Eq. (50) we obtain the en-
tropy per particle for the microcanonical ensemble as (see
Eq. (49) in [20])
s˜ =
s
ρ
= z˜
[
1− w−1/z˜
]
. (75)
Considering Eqs. (73), (74) and (45) we can write the
chemical potential for the microcanonical ensemble as (see
Eq. (54) in Ref. [20])
µ =
2
3
ε˜
[
5
2
− lnw
]
. (76)
Substituting Eqs. (73), (74) into Eq. (48) we obtain (see
Eq. (55) in Ref. [20])
X = −
2
3
ε˜
[
1 + lnw1/z˜ − w1/z˜
]
. (77)
Substituting Eqs. (73), (74) into Eq. (49) we obtain the
pressure for the microcanonical ensemble as (see Eqs. (53)
and (51) in Ref. [20])
p =
T
v
w−1/z˜ =
2
3
ε˜
v
. (78)
Thus, we have proved that the microcanonical and
grand canonical ensembles of the Tsallis statistics are equiv-
alent in the thermodynamic limit.
6 Analysis and results
Let us investigate numerically the thermodynamic limit
(39) for the nonrelativistic ideal gas in the grand canon-
ical ensemble in the framework of the Tsallis statistics.
We shall increase the volume V at the fixed values of
the variables of state (T, zv, µ) and compare the thermo-
dynamic quantities of the ideal gas at constant V with
their analytical results in the thermodynamic limit. Note
that here and hereafter ρ0 is the normal nuclear density
and the symbols asterisk and ”G” denote the thermody-
namic quantities in the thermodynamic limit (39) and in
the Boltzmann-Gibbs limit, respectively.
Figure 1 shows the dependence of the density of ther-
modynamic potential ω, the density of the norm function
Λv, the entropy density s, the energy density ε, the vari-
able X , the reduced particle density ρ/ρ0 and the pressure
p on the volume V for the nonrelativistic ideal gas of neu-
trons in the grand canonical ensemble in the Tsallis statis-
tics at a given temperature and the chemical potential for
different values of the entropic variable zv. For the given
T , zv and µ, the density of the thermodynamic potential ω
(28) and the density of the norm function Λv (25) increase
with V and attain the constants, ω∗ ≡ lim
V→∞,z→∞
ω, (46)
and, Λ∗v ≡ lim
V→∞,z→∞
Λv, (43), respectively, at very large
values of V . The density of the thermodynamic potential
ω is much lower than the density of the norm function
Λv at finite values of V and it tends to Λv with V . In
the thermodynamic limit as V → ∞ and at zv constant
the function Λv achieves the finite value ω
∗; however, the
density of the thermodynamic potential ω∗ differs essen-
tially from the density of the thermodynamic potential of
the Boltzmann-Gibbs statistics, ωG ≡ lim
zv→∞
ω∗. At finite
values of zv and large values of the volume V the den-
sity of the norm function Λ∗v coincides with the density
of the thermodynamic potential ω∗ and differs from its
Boltzmann-Gibbs limit ωG. The density of the thermody-
namic potential ω∗ increases with |zv| at fixed variables
of state (T, µ) and attains its Boltzmann-Gibbs value ωG
at very large values of |zv| → ∞. The functions ω and Λv
tend to minus infinity with decreasing the volume V .
The shape of the entropy density in the thermody-
namic limit is shown in the middle left panel of Fig. 1. The
entropy density s (33) decreases with V at fixed values of
(T, zv, µ) and attains the constant, s
∗ ≡ lim
V→∞,z→∞
s, (50)
as V → ∞. At finite values of zv, the entropy density
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Fig. 1. (Color online) The density of the thermodynamic potential ω, the density of the norm function Λv , the entropy density
s, the energy density ε, the variable X, the density ρ and the pressure p as functions of the volume V for the nonrelativistic
ideal gas of neutrons in the grand canonical ensemble in the Tsallis statistics at temperature T = 100 MeV and the chemical
potential µ = −200 MeV for different values of zv. The curves 1, 2, 3 and 4 correspond to the values of zv = −5,−10,−20 and
−100 fm−3, respectively. The dashed lines represent the Tsallis statistics in the thermodynamic limit. The dotted lines represent
the Boltzmann-Gibbs statistics and the dash-dotted lines correspond to the quantity Λv.
in the thermodynamic limit s∗ differs essentially from the
entropy density of the Boltzmann-Gibbs statistics sG ≡
lim
zv→∞
s∗. The entropy density s∗ decreases with |zv| and
achieves the Boltzmann-Gibbs limit only as |zv| → ∞.
The behaviour of the energy density in the thermody-
namic limit is shown in the bottom left panel of Fig. 1.
The energy density ε (30) decreases with V at fixed val-
ues of the variables of state (T, zv, µ) and attains the con-
stant value, ε∗ ≡ lim
V→∞,z→∞
ε, (47) at V → ∞. At finite
values of zv, the energy density in the thermodynamic
limit ε∗ differs from the energy density of the Boltzmann-
Gibbs statistics εG ≡ lim
zv→∞
ε∗. The energy density ε∗ de-
creases with |zv| and achieves the Boltzmann-Gibbs limit
as |zv| → ∞.
The variable X (34) as a function of the volume V at
fixed values of the variables of state (T, zv, µ) is shown in
the upper right panel of Fig. 1. It also decreases with V
and attains the constant value, X∗ ≡ lim
V→∞,z→∞
X , (48)
at V →∞. For the finite values of zv, the function X
∗ is
nonvanishing and differs from its Boltzmann-Gibbs zero
value, XG = 0. The conjugate force X∗ decreases with
|zv| and vanishes as |zv| → ∞.
The density of neutrons (29) is shown in the middle
right panel of Fig. 1. It decreases with V and attains the
constant value ρ∗ (45) as V →∞. For finite values of zv,
the neutron density ρ∗ differs from its Boltzmann-Gibbs
limit ρG. The density ρ∗ decreases with |zv| and achieves
the Boltzmann-Gibbs limit ρG as |zv| → ∞.
The shape of the pressure (31) is shown in the bottom
right panel of Fig. 1. It decreases with V and attains the
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Fig. 2. (Color online) The shift ∆ω = ω
∗
− ω and the shift
∆ωΛ = Λv − ω as functions of the volume V for the non-
relativistic ideal gas of neutrons in the grand canonical en-
semble of the Tsallis statistics at the temperature T = 100
MeV and chemical potential µ = −200 MeV for different val-
ues of zv. The curves 1, 2, 3 and 4 correspond to the values of
zv = −5,−10,−20 and −100 fm
−3, respectively.
constant value p∗ (49) as V → ∞. For finite values of
zv, the pressure p
∗ differs from its Boltzmann-Gibbs limit
pG. The pressure p∗ decreases with |zv| and achieves the
Boltzmann-Gibbs limit pG as |zv| → ∞.
Figure 2 illustrates the dependence of the shift ∆ω ≡
ω∗ − ω and ∆ωΛ ≡ Λv − ω on the volume V for the non-
relativistic ideal gas of neutrons in the grand canonical
ensemble in the Tsallis statistics at the given temperature
and chemical potential for different values of the entropic
variable zv. At the fixed values of the variables of state
(T, zv, µ), the deviation of the density of the thermody-
namic potential ω from its thermodynamic limit value ω∗
decreases with V and it vanishes as V → ∞. The be-
haviour of the shift ∆ω with V confirms numerically the
thermodynamic limit (39) for the Tsallis statistics in the
grand canonical ensemble. The shift ∆ωΛ also decreases
with V and vanishes as V → ∞. Such behavior proves
numerically the equality of the density of the thermody-
namic potential ω∗ with the density of the norm function
Λ∗v in the thermodynamic limit.
Figure 3 shows the dependence of the shift ∆ρ ≡ ρ−
ρ∗ and the shift ∆ε ≡ ε − ε
∗ on the volume V for the
nonrelativistic ideal gas of neutrons in the grand canonical
ensemble of the Tsallis statistics at the given temperature
T and chemical potential µ for different values of zv. The
functions ∆ρ and ∆ε decrease with V and tend to zero as
V → ∞. Such behaviour of the shifts ∆ρ and ∆ε proves
Fig. 3. (Color online) The shift ∆ρ = ρ − ρ
∗ and the shift
∆ε = ε − ε
∗ as functions of the volume V for the nonrela-
tivistic ideal gas of neutrons in the grand canonical ensem-
ble of the Tsallis statistics at the temperature T = 100 MeV
and chemical potential µ = −200 MeV for different values
of zv. The curves 1, 2, 3 and 4 correspond to the values of
zv = −5,−10,−20 and −100 fm
−3, respectively.
numerically the thermodynamic limit (39) for the density
ρ and the energy density ε of the Tsallis statistics.
Let us verify numerically the homogeneity properties
of the thermodynamic potential of the nonrelativistic ideal
gas of neutrons in the grand canonical ensemble for the
Tsallis statistics. We shall find the range of the variables
of state V and z at the fixed values of (T, zv, µ) where
the thermodynamic quantities of the Tsallis statistics sat-
isfy the main requests of the equilibrium thermodynamics.
The formalism of the statistical mechanics in the grand
canonical ensemble agrees with the requirements of the
equilibrium thermodynamics, i.e. it is thermodynamically
self-consistent, if the thermodynamic potential of the grand
canonical ensemble is a homogeneous function of the first
order with respect to the extensive variables of state. Thus,
the Tsallis statistics in the grand canonical ensemble will
be thermodynamically self-consistent if its thermodynamic
potential is a homogeneous function of the first order with
respect to the extensive variables of state V and z. This
means that the density of the thermodynamic potential ω
for the grand canonical ensemble shall satisfy the following
equation:
∆ = ω + p+Xzv = 0 (79)
for any values of the variables of state (T, zv, µ). This equa-
tion is a result of Eqs. (21) and (22).
Let us verify numerically Eq. (79) for the ideal gas of
the Tsallis statistics in a finite volume. Figure 4 displays
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Fig. 4. (Color online) The shift ∆ = ω + p +Xzv as a func-
tion of the volume V for the nonrelativistic ideal gas of neu-
trons in the grand canonical ensemble of the Tsallis statis-
tics at the temperature T = 100 MeV and chemical potential
µ = −200 MeV for different values of zv. The curves 1, 2, 3
and 4 correspond to the values of zv = −5,−10,−20 and
−100 fm−3, respectively. The dashed line represents the shift
∆∗ = ω∗ + p∗ +X∗zv in the thermodynamic limit.
the dependence of the shift ∆ on the volume V for the
nonrelativistic ideal gas of neutrons in the grand canonical
ensemble of the Tsallis statistics at the given temperature
T and chemical potential µ for different values of zv. It
is clearly seen that at small values of the volume V the
shift ∆ is not equal to zero and the density of the ther-
modynamic potential ω is an inhomogeneous function. At
large values of volume V in the thermodynamic limit the
shift ∆ vanishes and the density of the thermodynamic
potential ω becomes a homogeneous function of the first
order with respect to the extensive variables of state V
and z. Thus, we have demonstrated numerically that the
Tsallis statistics in the grand canonical ensemble becomes
thermodynamically self-consistent in the thermodynamic
limit (39).
Figure 5 represents the dependence of the one-particle
distribution function (38) on the momentum p of a particle
for the nonrelativistic ideal gas of neutrons in the grand
canonical ensemble of the Tsallis statistics at the given
temperature T , chemical potential µ and variable zv for
different values of V and z. At small values of the vol-
ume V and the variable |zv|, where the Tsallis statistics is
thermodynamically inconsistent, the one-particle distribu-
tion function of the Tsallis statistics has a power-law form
and its shape deviates essentially from the usual Maxwell-
Fig. 5. (Color online) The dependence of the one-particle dis-
tribution function on the momentum p for the nonrelativistic
ideal gas of neutrons in the grand canonical ensemble of the
Tsallis statistics at the temperature T = 100 MeV and chemi-
cal potential µ = −200 MeV for two values of zv and different
values of V and z. The solid curves 1, 2 and 3 correspond to
the values of V = 1.728, 3.375 fm3 and V = ∞, respectively.
The dashed lines represent the Maxwell-Boltzmann distribu-
tion function of the Boltzmann-Gibbs statistics.
Boltzmann distribution function. The Tsallis one-particle
distribution function f(p) tends to the distribution func-
tion f∗(p) in the thermodynamic limit as V → ∞. The
Tsallis distribution function in the thermodynamic limit
f∗(p) has an exponential form and it is close to the Maxwell-
Boltzmann distribution function of the Boltzmann-Gibbs
statistics, but they do not coincide. The difference be-
tween the distribution functions f(p) and f∗(p) dimin-
ishes with |zv|. For small values of the variable |zv|, the
Tsallis one-particle distribution function in the thermody-
namic limit f∗(p) can differ essentially from the Maxwell-
Boltzmann distribution function fG(p) of the Boltzmann-
Gibbs statistics.
Figure 6 shows the dependence of the density of the
thermodynamic potential ω∗, the entropy density s∗, the
energy density ε∗, the variable X∗, the density ρ∗ and the
pressure p∗ for the Tsallis statistics in the thermodynamic
limit on the variable |zv| for the nonrelativistic ideal gas
of neutrons in the grand canonical ensemble at the given
chemical potential µ for different values of temperature T .
At small values of |zv|, the thermodynamic quantities ω
∗,
s∗, ε∗, X∗, ρ∗ and p∗ of the Tsallis statistics in the ther-
modynamic limit differ essentially from their values in the
Boltzmann-Gibbs limit. Otherwise, at large values of |zv|,
as |zv| → ∞, these quantities resemble the corresponding
10 A.S. Parvan: Self-consistent thermodynamics for the Tsallis statistics in the grand canonical ensemble
Fig. 6. (Color online) The Boltzmann-Gibbs limit for the Tsallis statistics in the thermodynamic limit. The density of the
thermodynamic potential ω∗, the entropy density s∗, the energy density ε∗, the variable X∗, the density ρ∗ and the pressure p∗
for the Tsallis statistics in the thermodynamic limit as functions of the variable zv for the nonrelativistic ideal gas of neutrons in
the grand canonical ensemble at the chemical potential µ = −200 MeV for different values of temperature T . The curves 1 and
2 correspond to the values of T = 100 and 110 MeV, respectively. The dashed lines represent the Boltzmann-Gibbs statistics.
thermodynamic quantities of the Boltzmann-Gibbs statis-
tics. The entropy density, the energy density, the neutron
density and the pressure for both the Tsallis statistics in
the thermodynamic limit and the Boltzmann-Gibbs statis-
tics increase with temperature T . However, the density of
the thermodynamic potential for both the Tsallis statis-
tics in the thermodynamic limit and the Boltzmann-Gibbs
statistics decreases with T .
Figure 7 represents the dependence of the density of
the thermodynamic potential ω∗, the entropy density s∗,
the energy density ε∗, the variable X∗, the density ρ∗ and
the pressure p∗ for the Tsallis statistics in the thermo-
dynamic limit on the temperature T for the nonrelativis-
tic ideal gas of neutrons in the grand canonical ensem-
ble at the given chemical potential µ for different val-
ues of the variable zv. At small values of the tempera-
ture T and the fixed values of |zv|, the Tsallis statistics
in the thermodynamic limit approaches the Boltzmann-
Gibbs statistics. However, at large values of the tempera-
ture T , the thermodynamic quantities of the Tsallis statis-
tics in the thermodynamic limit differ from their values
in the Boltzmann-Gibbs limit and this deviation increases
with T . For the negative values of the variable zv, the ther-
modynamic quantities s∗, ε∗, X∗, ρ∗ and p∗ of the Tsal-
lis statistics in the thermodynamic limit overestimate the
corresponding quantities of the Boltzmann-Gibbs statis-
tics; however, the density of the thermodynamic potential
underestimates the density of the thermodynamic poten-
tial of the Boltzmann-Gibbs statistics.
Figure 8 shows the dependence of the density of the
thermodynamic potential ω∗, the entropy density s∗, the
energy density ε∗, the variable X∗, the density ρ∗ and
the pressure p∗ for the Tsallis statistics in the thermo-
dynamic limit on the chemical potential µ for the non-
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Fig. 7. (Color online) Comparison of the Boltzmann-Gibbs statistics with the Tsallis statistics in the thermodynamic limit.
The density of the thermodynamic potential ω∗, the entropy density s∗, the energy density ε∗, the variable X∗, the density ρ∗
and the pressure p∗ for the Tsallis statistics in the thermodynamic limit as functions of the temperature T for the nonrelativistic
ideal gas of neutrons in the grand canonical ensemble at the chemical potential µ = −200 MeV for different values of the variable
zv. The solid curves 1 and 2 correspond to the values of zv = −5 and −10 fm
−3, respectively. The dashed curves represent the
Boltzmann-Gibbs statistics.
relativistic ideal gas of neutrons in the grand canonical
ensemble at the given temperature T for different values
of the variable zv. For the fixed values of |zv|, the Tsal-
lis statistics in the thermodynamic limit approaches the
Boltzmann-Gibbs statistics at large absolute values of the
chemical potential µ. However, at small absolute values of
the chemical potential µ, the thermodynamic quantities
of the Tsallis statistics in the thermodynamic limit differ
from their values in the Boltzmann-Gibbs limit and this
deviation increases with |µ| → 0. For the negative values
of the variable zv, the thermodynamic quantities s
∗, ε∗,
X∗, ρ∗ and p∗ of the Tsallis statistics in the thermody-
namic limit overestimate the corresponding quantities of
the Boltzmann-Gibbs statistics; however, the density of
the thermodynamic potential underestimates the density
of the thermodynamic potential of the Boltzmann-Gibbs
statistics.
7 Conclusions
In the present paper, the Tsallis statistics in the grand
canonical ensemble was formulated in the general form.
The thermodynamic potential of the grand canonical en-
semble was found from the fundamental thermodynamic
potential by the Legendre transform. The probabilities
of microstates of the system were derived from the con-
strained local extrema of the statistical thermodynamic
potential of the grand canonical ensemble by the method
of the Lagrange multipliers. It was proved that both inten-
sive and extensive thermodynamic quantities of the Tsallis
statistics satisfy the same differential thermodynamic re-
lations and statistical definitions in terms of probabilities
pi as those for the Boltzmann-Gibbs statistics. This is a
consequence of the thermal equilibrium and the Legendre
transform. It was shown that in the Tsallis statistics the
extensive variable of state z generates the nonvanishing
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Fig. 8. (Color online) Comparison of the Boltzmann-Gibbs statistics with the Tsallis statistics in the thermodynamic limit.
The density of the thermodynamic potential ω∗, the entropy density s∗, the energy density ε∗, the variable X∗, the density
ρ∗ and the pressure p∗ for the Tsallis statistics in the thermodynamic limit as functions of the chemical potential µ for the
nonrelativistic ideal gas of neutrons in the grand canonical ensemble at the temperature T = 100 MeV for different values of
the variable zv. The solid curves 1 and 2 correspond to the values of zv = −5 and −10 fm
−3, respectively. The dashed curves
represent the Boltzmann-Gibbs statistics.
conjugate force X . Moreover, the fundamental equation of
thermodynamics was consistently derived from the ther-
modynamic potential of the grand canonical ensemble.
The exact analytical relations for the thermodynamic
quantities (thermodynamic potential and its first deriva-
tives) of the nonrelativistic ideal gas in the framework of
the Tsallis statistics in the grand canonical ensemble were
obtained. They were analytically rewritten in the thermo-
dynamic limit considering the variable z as an extensive
variable of state. Based on the example of the nonrela-
tivistic ideal gas in the grand canonical ensemble it was
proved that the Tsallis statistics satisfies the requirements
of the equilibrium thermodynamics in the thermodynamic
limit when the entropic variable z is an extensive variable
of state of the system, i.e., the thermodynamic potential is
a homogeneous function of the first order with respect to
the extensive variables of state of the system. The equiva-
lence of the canonical, grand canonical and microcanoni-
cal ensembles in the thermodynamic limit was analytically
proved. It was shown that in the thermodynamic limit the
relations of the ideal gas of the Tsallis statistics in terms
of the function Teff can be written in a form similar to the
Boltzmann-Gibbs statistics. The behaviour of the thermo-
dynamic quantities of the ideal gas in both the thermo-
dynamic limit and the Boltzmann-Gibbs limit were also
studied. It was numerically proved that the thermody-
namic potential of the grand canonical ensemble becomes
a homogeneous function of the first order with respect to
the extensive variables of state only in the thermodynamic
limit. It was shown that the one-particle distribution func-
tion has a power-law form when the Tsallis statistics is
thermodynamically inconsistent and takes an exponential
form in the thermodynamic limit when the Tsallis statis-
tics is thermodynamically consistent.
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